Answers

The questions, with the exception of those from past question papers, and all example answers that appear in this book were
written by the authors. Cambridge Assessment International Education bears no responsibility for the example answers to
questions taken from its past question papers which are contained in this publication.

Non-exact numerical answers should be given correct to three significant figures (or one decimal place for angles in degrees) unless

>
S
&
2
3
@

a different level of accuracy is specified in the question.You should avoid rounding figures until reaching your final answer.

Chapter 1 (i) [-8 ;J

9 [Page 1 ] (iv] Non-conformable (v) _03 _09 1;
4,1,0 4

il | 12 (i) (190 : ‘2187]
® (Page 4) 20
When subtracting numbers, the order in which the (viii) Non-conformable  [ix) -158 ]
numbers appear is important — changing the order —4 3

changes the answer, for example 3 — 6 # 6 — 3.
So subtraction of numbers is not commutative.

3 () (ii)
The grouping of the numbers is also important,
for example (13 —5) — 2 # 13 — (5 — 2). Therefore

subtraction of numbers is not associative.

0
1
0
1

S NN O N
— O N~
SN~ O
SN~ O
o O O O
N OO N
S = O N

Matrices follow the same rules for commutativity i)
and associativity as numbers. Matrix addition is both
commutative and associative, but matrix subtraction
is not commutative or associative. This is true because
addition and subtraction of each of the individual
elements will determine whether the matrices are

commutative or associative overall.

You can use more formal methods to prove these
properties. For example, to show that matrix addition

1S commutative:

A PR R (hesach R Cae T Bl MPA B A
~__ "

Addition of numbers is commutative.

1 (i) 3x2 (i) 3x3 (i) 1x2
(iv)] 5x1 (v] 2x4 (vi] 3x2

2[5 -8 (31 -4
2 (i) [2 _3] (ii) [4212j
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Exercise 1A (Page 4) 6 () |0
1
0

- - O O
[ s R

1 10 7
4 2 10
1 11 8
1 8 6
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10 0 21
(i) 110 3 2
0011 2
01 1 23

Stars 2 vs United 1
Cougars 2 vs Town 1

Cougars 1 vs United 1

15 37 15
7 0 | 5 9 15 -3
19 10 9 3

The matrix represents the number of
jackets left in stock after all the orders
have been dispatched. The negative
element indicates there was not
enough of that type of jacket in stock
to fulfil the order.

20 13 17 20
(ii) 15 19 20 12
19 10 14 8

12 30 18 0
(iii) 6 18 24 36
30 0 12 18

The assumption is probably not very
realistic, as a week is quite a short time.

@ (Page 9)

The dimensions of the matrices are A (3 X 3),B

(3 X 2) and C (2 X 2). The conformable products
are AB and BC. Both of these products would have
dimension (3 X 2), even though the original matrices
are not the same sizes.

Activity 1.1 (Page 10)

AB=[2 —1][—4 0]=(—6 —lJ
3 4 21 =20 4

BA:(—A; oJ[z —1)2[—8 4]
-2 1 3 4 -1 6

These two matrices are not equal and so matrix
multiplication is not usually commutative. There
are some exceptions, for example if

20 3 3
C_[O 2]andD—(_] _]Jthen

CD=DC= 6 6 .
-2 =2

Activity 1.2 (Page 10)

_ -6 -1

(i) AB=(_20 4)

(ii) BC:( —+ 8 j
0 -1

i (AB)C:(__lg2 :;g]

) -8 -15

(iv) A(BC) =1 -12 -28

(AB)C = A(BC) so matrix multiplication is
associative in this case

To produce a general proof, use general matrices such
as

A=t =]/ laac=]|
cd | g h bl
ablle f ae+bg af +bh
AB= | d |l g h ce+dg o +dh |
e i g | + i +
peo | ¢ L ‘i fe J /
g h ko1 gi+hk gji+hl
and so

ae + bg af + bh i
AB)C= 1| ovdg of+dn || k1
_[m+@+w+wkm+@+w+w]

cei + dgi + ¢fk + dhk cej + dgj + ofl + dhl

and

A@CL:[“ZJ

aei + afk + bgi + bhk aej + afl + bgj + bhl
cei + dgi + cfk + dhk  cej + dgj + ofl + dhl

ei+ fk e+ fl
gi+hk gji+hl

Since (AB)C = A(BC) matrix multiplication is
associative and the product can be written without
brackets as ABC.
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Exercise 1B (Page 11)

1

(i) (@) 3x3 (b) 1x3(c]
(d 2x4 (e] 2x1 (f]

(ii) (a) non-conformable
(b) 3x5 (c)
(d 2x3 (e)

. 21 6 N
(i) [31 13] (ii)
(i) [f’f]

3 —56 -25 8
AB_(zo —73J’BA_(28 —45J

AB # BA so matrix multiplication is non-
commutative.

. (=7 26 y 5 25

(i) [2 34} (ii) [16 22]

26 37 16
i [2; fgj (iv)

2X%X3
3 x5

non-conformable

non-conformable

(=30 —15)

14 21 28
-8 —11 2
) 28 -—18
(v)] non-conformable (vi) 2% 2
16 25
-38 —-136 -135
133 133 100
273 404 369
Lol 2 +12 =9 |
(i) [ 4 3] (i) x=2or3

(iii) BA:(8 12]or (18 18]
8 15 12 15
. 4 3 8 7
(i) [a][01][b](01j
16 15
(c) (0 1}

10

(i) 1024 1023 |_| 2" 2" —1
0 0 0 1

(i)

O = = =
S = O =
_ O = N
S NN OO

(ii)

— NN
S 01N W
DO N

M2 represents the number of two-stage
routes between each pair of resorts.

(i) M3 would represent the number of three-
stage routes between each pair of resorts.

(i 8+ 4x 20+ x°
—-8+x —-3-3x
(i) x=-3or4
—4 11 24 —4
(iii) or
-11 6 —4 —15
b 1 0 0
(i) a (ii) 00 1
c 01 0
010 b
(iii) 00 1 ||c¢
1 0 0O a
. 0 1 c
(iv) 1.0 0 |
01 0 b
10 0
(v) 1 0
0 0 1

The strands are back in the original order
at the end of Stage 6.
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@ (Page 18)

The image of the unit vector [ (1) J is { a J and

4

the image of the unit vector (1) ] is ( b ]
d

The origin maps to itself.

Activity 1.3 (Page 18)

The diagram below shows the unit square with
two of its sides along the unit vectors i and j. It is
rotated by 45° about the origin.

=Y

You can use trigonometry to find the images of the
unit vectors i and j.

X

For A’, the x-coordinate satisfies cos45 = = so

=

1
X = cos45 = —=.
2 1
In a similar way, the y-coordinate of A” is N
For B, the symmetry of the diagram shows that the

1
x-coordinate is _ﬁ and the y-coordinate is % .

1
Hence, the image of ((1) ] is V2 and the image
1
0 V2
of |  |is

L
V2 | and so the matrix representing an
1

V2

anticlockwise rotation of 45° about the origin is
I

V2o N2

B

V2 2

Rotations of 45° clockwise about the origin

and 135° anticlockwise about the origin are also

1
represented by matrices involving iﬁ .

This is due to the symmetry about the origin.

(]  The diagram for a 45° clockwise rotation about

the origin is shown below.
YA

and the image

1 1
The image of | () | is

and so the matrix

representing an anticlockwise rotation of 45°
about the origin is

11
V2o 2
11

V2 2

(ii) The diagram for a 135° anticlockwise rotation

about the origin is shown below.

YA
B
A
135°
A -
§) X
B
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i

1 —
The image of ( 0 J is
1
Np)

and the image of

and so the matrix representing

an anticlockwise rotation of 45° about the origin is

11
V2 2
1 1

V2o 2

@ (Page 20)

The matrix for a rotation of 8° clockwise about the

S cos@ sin@
origin is .
(—sin@ cos@ J
Activity 1.4 (Page 20)

(il The diagram below shows the effect of the

. 20 . . .
matrix 0 1 on the unit vectors i and j.

YA

B’

B

=Y

0 i:(1 A A’
0

You can see that the vector i has image [ 2 j
0

and the vector j is unchanged. Therefore this
matrix represents a stretch of scale factor

2 parallel to the x-axis.
(i) The diagram below shows the effect of the

matrix [ 10 j on the unit vectors i and j.
05

yA
s A——
5 .
.:(o
“h K
0 1\ A X
"(0)

You can see that the vector i is unchanged and

the vector j has image ((5) ].Therefore this

matrix represents a stretch of scale factor

5 parallel to the y-axis.

The matrix [ 'g (1) ] represents a stretch of scale

factor m parallel to the x-axis.

10

The matrix
n

J represents a stretch of scale

factor n parallel to the y-axis.

Activity 1.5 (Page 22)
PointA:6 ~2=3
Point B:6 ~2=3
Point C:3 +-1=3
Point D:3 +-1=3

The ratio is equal to 3 for each point.
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Exercise 1C (Page 24) (c) &=—py =

1 (i) (al
iy (d) 0 -1
- A -1 0
- iv] la
» 5 () (a) .
g : 4 b sk
G
< . 3F 5
< 2
: 2 F 1r
s 1k ] ] ] | B -
. -3 2 -10 3 x
. I I I I I NG gk
: ol 1 2 3 4 5 6 x A
: 2r
: (b) A"=(3,6),B"=(0,6) s
§ (c)] &"=3xy =3y
: (@ |30 (b) A"=(2,-1),B"=(2,0)
: 03 () &=y,y ==«
: (i) (a) (d) ( 01 J
: YA -1 0
. 3
: (v] (a) y
S ) A
: sk
: r
: >
H I I I I I L5
s -3 2 -10 1 2 3 x 1 B A’
: e
. | | | | | | >
: ) B YV 3 2 10| 1 2 3 «x
: e A gk
. -3 F
: 2r
[b) A"=(1,-2),B"=(0,-2) St
: (c) &' =ux) =—y
: (b) A’=(3,1),B" =(0,1)
: 10
: o [ 0 -1 J (c) «'=3x)= %Y
(iii) (a) N PR
E 31 0 1
. 2
: 2 b .
: 2 (i] Reflection in the x-axis
: B r (i) Reflection in the line y = —x
: :3 — i ; ; > (iii) Stretch of factor 2 parallel to the x-axis
: gk and stretch factor 3 parallel to the y-axis
: A (iv) Enlargement, scale factor 4, centre the
. 2r origin
: 3 (v)] Rotation of 90° clockwise (or 270°
: anticlockwise) about the origin

(b) A"=(=2,-1),B" =(-2,0)
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3 (i] Rotation of 60° anticlockwise about the (i)  Matrix A represents a shear with the

origin y-axis fixed; the point (1, 1) has image
(i)  Rotation of 55° anticlockwise about the (1, 6). A has shear factor 5.
origin Matrix B represents a shear with the
(iii)  Rotation of 135° clockwise about the x-axis fixed; the point (1, 1) has image
origin (1.5, 1). =
(iv) Rotation of 150° anticlockwise about the B has shear factor 0.5. : ‘é’
origin : $
4 ) [14)1 1) (5-353) 6 () ARB-1,2 (i) |1 V3
01 1 -1 -1 1 1 -1 -11 0o 1 .
so the transformed square would look like this: 7 A'(4,5),B(7,9),C'(3,4). The original square and :
" the image both have an area of one square unit. :
i 8 i) :
YA 3
D’ A :
i A : A’ :
1 1 1 1 1 [ 1 1 1 N B M
/Q X .
(i) The transformation is a shear with the c BC | ~ B g
x-axis fixed and the point A(1, 1) has :
image A’(5, 1). 1 :
: i)  Th dient of A’C’ is 5, which is th .
5 (i) (a] The image of the unit square has i) figra o I.S 2> W B ERE .
vertices (0,0, (1, 5), (0, 1), (1, 6) as reciprocal of the top right-hand entry of :
shown in the diagram below. the matrix M. :
YA 9 (x, y) - (x, x) §
10 :
6 The matrix for the transformation is [ 10 J :
4 .
10 (i) Any matrix of the form - or .
0 5 :
k 0O :
(b) The image of the unit square has 05/ :
vertices (0, 0), (1,0), (0.5, 1), (1.5, 1) as :
shown in the diagram below. If k = 5 the rectangle would be a square. :
YA E
(i) 21 10 .
2 0 1) |1+2 :
> 142 or 01 3
0] 05 115 X ( 1 o ] \/E 1 E
Cambridge International AS & A Level Further Mathematics Further Pure Mathematics 1 7
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33 0o 3
7 ==
(iii) 2, 2
3 33
03 7=
33 3
2 7 or j_
3 343
5 0 > 7

@ (Page 27)

BA represents a reflection in the line y = x.
The transformation A is represented by the

1

0 _01 J and the transformation

matrix A = [

B is represented by the matrix

0 -1
B= [ 10 ].The matrix product

BA = O-1)f 1 0}_[01 .
10 0 -1 10
This is the matrix which represents a reflection in the

line y = x.

Activity 1.6 (Page 28)
TR a b x| ax + by
ledly ) | o+ dy
il - P q ax + by
ros o+ dy

pax + pby + qex + qdy
| orax+ by + sex + sdy

U= P q a b _ pa+qc pb+qd
ros ¢ d ra+ sc rb+ sd

and so
UP = pa+qc pb+qd x
ra+ sc rb+ sd Y

_[pax+qcx+pby+qdy]

(iii)

rax + scx + rby + sdy

Therefore UP=P”

@ (Page 28)

AB represents ‘carry out transformation B followed
by transformation A.

(AB)C represents ‘carry out transformation C
followed by transformation AB, i.e. ‘carry out C
followed by B followed by A’.

BC represents ‘carry out transformation C followed
by transformation B’.

A(BC) represents ‘carry out transformation BC
followed by transformation A, i.e. carry out C

followed by B followed by A’.
Activity 1.7 (Page 29)

() A= cos@ —sinf
sin@ cos® |

B- c.os(]) —sin @
sing cos¢@

(ii)

BA — cosBcos@ —sinBsin@ —sin6cosh — cosBsin @
B sin@cos@ + cosOsin¢ — sinBsin@ + cosOcos P

cos(@ + ¢) —sin(0 + ¢)

il C=1 Ga@+e) cos@+9)

(iv] sin(@ + @) = sinBcos¢ + cosOsin @

cos(@ + @) = cosBcosP — sinBsin @

(v] A rotation through angle 0 followed by
rotation through angle ¢ has the same effect as
a rotation through angle ¢ followed by angle 6.

Exercise 1D (Page 30)

1 (i) A:enlargement centre (0,0), scale factor 3
B: rotation 90° anticlockwise about (0,0)
C: reflection in the x-axis

D: reflection in the line y = x

J, reflection in the line

m]b]BC:[?é

y=x
0o -1
(b) CB = 1 ¢ | reflection in the line

y=-x

Cambridge International AS & A Level Further Mathematics Further Pure Mathematics 1
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(c) DC= ((1) _01 j,rotation 90° Le. (x’ Y) - (—x, —Y)
The matrix Q interchanges the coordinates,

ie. (x, y) - (y, x)

anticlockwise about (0, 0)

9 0
(d) A2= [ ], enlargement centre (0, 0),

09 It does not matter what order these two 3:>
transformations occur as the result will be ‘é’
scale factor 9 >
the same 2
(e] BCB = [ (1) 01 ), reflection in the s 4
B 4 i - i) (32,-33
; i [ -3 12 ] il ( )
x-axis 01
- 5 Possible transformations are B = [_ 10 ],
(fl DC2D = [ ] returns the object to
01 which is a rotation of 90° clockwise about the
its original position origin, followed by
4 C2 2
liii}. For example, B, C2 or D A= ( 8 (1) J, which is a stretch of scale factor
. 10 -10 . .
i)l x= 0 -1 Y = . 3 parallel to the x-axis. The order of these is
0 important as performing A followed by B leads
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0 1
-1 0 .
(il XY = [ 0 ],rotation of 180° to the matrix [_3 0 ] Could also have

about the origin

10
B= ( 0 3 ] which represents a stretch of

-1 0
(i) YX= [ 0 -1 J factor 3 parallel to the y-axis, followed by
_ 01 . .
(iv]  When considering the effect on the unit A= 10 , which represents a rotation of

vectors 1 and j, as each transformation

. o 1 1011 * 3
only affects one of the unit vectors the 90° clockwise about the origin; again the order

order of the transformations is not im- is important.
portant in this case. . 1 0
10 01 i PQ:[‘3 -1
i) P= [_ ] Q= ( J
0 -1 10 ) 10
(i) P= 0 -1 represents a reflection in
(i) PQ= [ _01 _01 J, reflection in the line the x-axis.
y =—x Q= ( :15 (1) J represents a shear with the
0 -1 y-axis fixed; point B(1,1) has image (1,—4).
il QP=|_4 ¢

(iv) The matrix P has the effect of makingthe 9 x—
coordinates of any point the negative of

- -
S-Sl

their original values,

Cambridge International AS & A Level Further Mathematics Further Pure Mathematics 1
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A matrix representing a rotation about the

cos@ —sin6

origin has the form and so

sin@ cos@

the entries on the leading diagonal would be
equal. That is not true for matrix X and so this

cannot represent a rotation.

. 10
8 (i) [02]

(ii) A reflection in the x-axis and a stretch of

scale factor 5 parallel to the x-axis

os)

Reflection in the x-axis; stretch of scale

(iii)

factor 5 parallel to the x-axis; stretch of scale
factor 2 parallel to the y-axis. The outcome
of these three transformations would be the
same regardless of the order in which they
are applied. There are six different possible

orders.
% 0
(iv)
0o -1
2
1 —R, . 11 0
9 () 0 1 (i) | - -1
1 -R
(iii) 1 R
= =t
R g
(iv) 2
1
R_2 1

The eftect of Type B followed by Type A
1s different to that of Type A followed by
Type B.

10 4= /@ db= |—1
a 1 an 2(\/§+2)

D represents an anticlockwise rotation of 22.5°
about the origin.

By comparison to the matrix

cos@ —sin@ ) .
for an anticlockwise

sin@ cos6

rotation of 8 about the origin, a and b are

the exact values of cos22.5° and sin22.5°

respectively.
1 ¥ _1 43

. 2 2 2 2

11 (i) P= Q=
NER. NER
2 2 2 2
_3
(i) QP = 2 , which represents

a rotation of 60° anticlockwise about the

origin.
1B
i) PQ= 2 2 , which represents a
SRER
2 2

rotation of 60° clockwise about the origin.

12 A reflection in a line followed by a second
reflection in the same line returns a point to its
original position.

@ (Page 33)

In a reflection, all points on the mirror line map to
themselves.

In a rotation, only the centre of rotation maps to itself.
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Exercise 1E (Page 35) (ii) vA

o]

1 [(i] Points of the form (,’t, —21) N A,’\ =

(i) (0,0) 6 s
- >
(i) Points of the form (1, —31) ya-2 f / 3
‘] 3
. ZIA >
(iv)] Points of the form (24, 34) 3 20 VTN 0 12 @
D) c’
2 (i) x-axis, y-axis, lines of the form y = mx
(i) x-axis, y-axis, lines of the form y = mx 6 (il y=x i)y =
(iii) no invariant lines i A
(iv] y = x,lines of the form y = —x +¢ 3 P
2 .
(v] y =—x,lines of the form y = x +¢ JC/ LB’
N B
(vi] x-axis, lines of the form y = ¢ 10 A 3 ] i
. . . 1 B
3 (i] Any points on the line y = = x, for
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.

2 L, ,
example (0,0), (2, 1) and (3, 1.5) 9 (Il ¥=x+a y=y+b

i) y= %x (i) (c) a=—2b

(iii)  Any line of the form y = —2x +¢

(iv)] Using the method of Example 1.12 leads C h d pte r 2

to the equations

2om* +3m—-2=0=m=05 or—2 Q[Page 40]

@+2me=0=m=-2or c¢=0 A decreasing sequence of fractions starting at 1 or a

decreasing sequence of percentages starting at 100%

_ - 1.y
[fm =05 then ¢ =050 y=7xis e.g. 100%, 95%, 80%, 55%, 50%, 20%, 5%

invariant.
If m = =2 then ¢ can take any value and
so y = —2x + ¢ is an invariant line. o [Page 41 ]

Start at 2 and add 3 each time.

4 (i) Solving ( 41 J[ X ]: [x ] leads Exercise 2A (Page 45)

11 4 y y
3 T 1 (i) 6,11,16,21,26
he equations y = =2~ and y = ——=>. :
to the eq Y 11 Y 3 Increasing by 5 for each term
(i) -3,-9,—-15,—21,-27

The only point that satisfies both of these Decreasing by 6 for cach term

is (0, 0).
s 0.0 liii) 8, 16,32, 64,128
[||] Yy =X and Yy =—x Doubling fOI' each term
9 (iv] 8,12,8,12,8
5 (i) y=x,y= X Oscillating
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2
QL
S
0
<
<

©000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

(v)] 2,511,23,47

Increasing

. 555
(vi) 5,5,3,.1,1 .
Decreasing, converging to zero
2 (i) 21,25,29,33
(i) o =u +4
(iii) u

3 (i) (@ 0,-2,-4,-6

(b) w, =10,u,, =u —2
(c) u =12 -2r
(d) -28

(i) (a) 32,64,128,256
(b) u, =1u,,
(c) wu =2""
(d) 524288

(iii) (@) 31250, 156250, 781250, 3906250
(b) w, =50,u,,
(c] u =10x5
(d) 9.54 x 1014

4 (i) 25 (ii)
(i) 363 (iv)

> (56 — 6r) (ii)

= 1’ ur+1
4r -3

= 2u,

= 5u,

—-150
=7.5

224

6 2500

-5,5,-5,5,-5,5
Oscillating

(i) (a)o

(jii) —% + %(—1)”
0,100,2,102, 4, 104

Even terms start from 100 and increase

(b) =5

by 2, odd terms start from 0 and increase
by 2.

(i) 201

(i) 102

9 749cm
10 %n(n3+l)

11 10,5,16,8,4 (This will reach 1 at ¢; and then
repeat the cycle 4,2, 1)

Exercise 2B (Page 49)
1 (i) (i)
2 (i) 414,30 [ii)

1,3,5

n(n +1)°

3 0) 212,36 (i) gyaln+ D@+ D +2)
n4
Fuln+ ) +2)

6 pn(n+1)(n+2)(n+3)

7 Ln(dn+1)

8 i (4n+1)(5Bn+2)

9 il
10 (i)
li) o n(35(n + 1) + 301)

7 layers, 125 left over
$227.50

1M s =3 S, =10
S, =21 §, =36
u =4r—1
2 u =6n" +n
r=n+1

@ (Page 51)

As n becomes very large, the top and bottom of
n

n+1
1 (it converges to 1).

@ (Page 53)

As n becomes very large, the expression

_nBn+7) 302
2+ D + 2) becomes close to 5
terms in n° are much bigger than terms in #). So the

are very close, so the sum becomes very close to

(since

3. 3
sum becomes very close to 5 |it converges to 5 ).

Exercise 2C (Page 54)
1 (i) 1-0)0+@-D+0O-49+ ... +

(=2 = (n=3)]+

(=1 = (= 2]+ [0 = (n = 1]

(iii) n2

2 (i)  First term: r= 1, last term: r= 10
i 20
(iii) 5

3 (i) n(®+4n+5) (iv) 99
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n(n + 2) Activity 2.2 (Page 60)

4 i .
i (n + 1)2 (i) Assume true for n =k, so
2
4+ +2) Forn =k +1,
(i) 0.7401,0.7490, 0.7499.The sum looks as if .
L . 2+44+6+ ...+ >
it is approaching 0.75 as n becomes large. -
2 T s
i A3 2k +2 +1:(+1)+2 +1 : @
[ [II] m k (k ) k 2 (k ) : a
1 .
=k +k++2k+2 :
7 (i n(n + 3) 4 :
4+ D+ 2) _ Py 2 :
(iii) 0.24995...,0.2499995. .. The sum looks =ka3k+g :
as if it is approaching 0.25 as n becomes — [k 3\’ :
large. - ( + 5) :
8 (i) 8u’+124° +6n =(k+1+%)2
9 (i) 16n" + 320" + 24n” + 8n , :
It is not true for n = 1. :
10 (i) A= %, B = —% (i) It breaks down at the inductive step. :
(i) GrtAe -1 Exercise 2E (Page 65) :
dn(n +1) :
. 3 5 (ii] M isa shear, x-axis fixed, (0, 1) maps to (1, 1). :
i) As 1 — oo, the sum — 4 M- is a shear, x-axis fixed, (0, 1) maps to (1, 1). :
. 1 1 . 1 1 1 :
11 wo==— 6 (i) w,=5,uy=7,u =7 :
25T T TEMT ;
= (i) u, =1
u = = n
= -3 -8 -5 —12 5
7 i) AZ:( j,A3=( j :
12 (i) 4820 Z 00 > :
(i) 55 :
8 () Mm?= ( Z) 3 ] :
13 %nz(n +1) :
s [ =7 14 . _[49 0 :
@ (Page 56) M‘[m 7],M_(o 49) :
If she was 121 last year then it would be fine, but we :
don’t know if this is true. If she were able to provide (i) M =7 ( 1o J , M = 7’”[ -12 j :
any evidence of her age at a particular point then we 01 31 :
could work from there, but we need a starting point. 9 (i) 3.5 17.257.65537 :
Activity 2.1 (Page 56) 10 21-8, =1, 3-S,=1,4-8, =1, 5-8,=1.:
1 _1 S, =m+1-1 :
X2~ 2 , :
12 1 ;
x2t2x3773 T« :
1 1 _3 :
X2 2x373%x% ™ 3% :
1 1 1 1 _ 4 :
X2 2x3"3x474x5°5 :
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Chapter 3 Activity 3.3 (Page 75)

[I] —3+l\/_1 —3+l\/_
P
@ (Page 69)
g HEEE: f 5447
4+ 57 —4x—-1=0 3
[
g : Looking at the graph you may suspect that x =1 Exercise 3A (Page 75)
@ ¢ isaroot. Setting x = 1 verifies this. The factor
< ¢ theorem tells you that (x — 1) must be a factor, so 1 () o+B= _%, off =3
¢ factorise the cubic (x — 1)(4x> +5x +1) = 0. . |
¢ Now factorise the remaining quadratic factor: (i) oa+p= 5 off =-3
: (x—D@x + 1)(x+1) = 0,so the roots are 2
x=1’_}T’_1' (i) a+pB=0, aﬂ=7
: . 24 B
DA+ A +1=0 (V) a+f=-F, of=0
' This does not have such an obvious starting (v] a+p=-11, of=-4
¢ point, but the graph suggests only one real root. 8
: o . Vil e+B=-3, af=-2
. Comparing with previous example, you may spot 3
¢ thatx = —}T might work, so you can factorise giving 2 (i) 22=-1024+421=0
o(dxt 1)(x> +1) = 0. From thiszyou can see that the (i) 22-32-4=0
. |
: other roots must be.complex X , so the three (i) 22%+192 +45 =0
¢ Trootsare x="7, +i. ) 5
. (iv] 22=52=0
¢ Activity 3.1 (Page 71) V) 2°=62+9=0
: . ) B
¢ | Equation Two | Sum of | Product i) 2" -62+13=0
roots | roots of roots | 4 (] 22 +152—81=0
Pl 2 -32+2=0 1,2 |3 2 (i) 2:2°-52-9=0
s [“] 22 +2—-6=0 2,-3 | -6 [III] 22’2 +13z2+9=0
: , (iv) 2*>-72-12=0
: o |lii)z"-62+8=0 |2,4 |6 8
: o, L 2 —20z+4=0
. (iv]zZ=32-10=0 |-2,5 |3 —10
§ [V] 222_ 3>41=0 %,1 % % 5 [|] (O{ + ﬁ)_ — 206[3
ol —dza5=0 |2+ |4 5 i) 2P
¢ |lvilz—4z+5= T1 of
. 2
: i) @+ hp) —20p
. 2
: @ (Page 71) (@h)
: iv] af(o+
s If the equation is ax2 + bx + ¢= 0, the sum appears (iv) o A
. 3
: tobe-— g and the product appears to be %. M (e +p) -3ople+p)
: 6 (i) TRoots are real, distinct and negative (since
: O(Page 72] off > 0= samesignsand o + f < 0=
: You get back to the original quadratic equation. both <0)
(i) a=-pB
14 Cambridge International AS & A Level Further Mathematics Further Pure Mathematics 1
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(iii)  One of the roots is zeros and the other 12 Roots are —p and F4/—q (note £4/—¢ is not
5= necessarily imaginary, since q is not necessarily >0)

(iv] The roots are of opposite signs.

13 (i) p——8(a+ +;3)

10 (i) a2z +bkz+ck> =0
,  n
(i) a2+ (b—2ka)z + (k*a—kb+¢) =0 q=8(%+(xﬁ+%) PS
M (i) 22— (G+20)z+(9+7i)=0 r= 4 P38
° Wn
Exercise 3B (Page 80) L
- 3 (iii) r=9;x=1,§,—z
2 r=—6'x——2—lé :
[”] _l ’ ’ 4’2 s
2 :
(i) -2 % =37
3 _ 13 .
2 (i) -7 +14z-8=0 15 ac =1bd :
i) 2°=32>—42+12=0 =132 :
2°2°2 :
3 2 _ .
(iii) 22°+72°+62=0 16 p=-15q=71:a=3 r=-105 :
liv] 22°—132+282-20=0 :
(v) 2 =192-30=0 @ (Page 82] :
(vi] 2°=52"+92-5=0 See derivation of formulae on page 83. §
b :
3 () =2=2538 Ya=o+fry+d=—1 :
i) z=—%§2 S 0B = a+ay +ad + By + B+ = £ :
i) 2=2-2v3,2,2+23 zaﬁ}/zaﬁy+ﬂy5+y6a+6aﬂ:—%
v ==2713 :
3°6°3 _e :
offyd p :
4G z=w=3 Exercise 3C (Page 84) :
(i) w=3"+w=-3"+2w—-3-3=0 . 3 :
Gii) w® — 8w +23w—27=0 10 -3
liv] o¢+3,8+3y+3 (i) 3
(i) 2
5 (i) w'—4w’+4w—24=0 i 2 :
(i) z28-222-112-9=0 2 :
6 () 2w’ —16w* +37w—27=0 2 () 2-62"+72"+62-8=0 :
(i) 20+ 24uw” + 45w + 37 = 0 (i) 42" +202" + 2" - 602 =0
(i) 3-2822+2z—-1=0 (i) 42" +122° - 272> =542+ 81 =0 :
H 4 2 -~ _ — :
7 Therootsareg,lg k_j (iv) =" =5 +10z-6=0 :
3 (i) 2'+42-62"+82+48=0 :
g -_11_3 (i) 22'+122° +212° +132+8 =0 :
12 % :
4 (i) Letw=x+1thenx=w-1 :
9 a=-lp=79=8oro=p=q=0 new quartic: x* — 6x° + 9 :
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(i)  Solutions to new quartic are x = +/3
(each one repeated), solutions to original
quartic are therefore: o = = /3 — 1
and}/=5=—\/§—1.

5 (i a=-18=+3

Chapter 4
@ (Page 88)

The population of rabbits fluctuates, but eventually

v oL
g : i) p=4andq=-9 approaches a stable number.
a (iii)  Use substitution y = x — 3« (i.c. (2] [Page 90]
< _
: y=x+23thenx = y—3)and (i 5
: x=—
. 39,2 _ —
: y =8y +18y 12;0 (il x=1andx=-2
: ) _ b 1
: 6‘[| a+Bry+ste=—- (iii) x=3
b o+ ay +ad+oe+ Py + Bo+ Pe +
: 6+ e+ e = £ @ (Page 90)
pofy + offid + ofie + ayd + aye + ade + {I]] y=(1)
: _d o y=
Bré + Bye + Boe + yoe = - (i) y=-2
: _¢
#aﬂy5+ﬁy5j[+ yoeo + Seaff + eaffy = p P2 [Page 93]
§ > opyee = Ta (i) positive, positive, positive
: (i)  negative, negative, negative
: H Yo = —% (iii) positive
: (iv)] negative
. _c
: Yop = @ (Page 93)
: _ (x +2) o (x+2)
P Zapr=-2 VEGEA) T P ox-2)
: o v
: The quotient rule for y = £ is SL = —d¥ __dx
: Sapys = q y=pig =t
: Using this with u = x + 2 and v = x2 —x —2 gives
dy (X" —x-2)x1—(x+2)2x—1)
: 205[37/58 = affyde = —% ax o —x-27
: ) —x’ — 4x
7 [ 4 i ——s
: (i) 12 e+ 4)
(i) 4 - m
: (iv] 12 .
: S dy 4= 0; T=0= ax+H)=0=x=0,x=—4
§ y = £2 (twice) 0 +2)
. . Whenx=0theny=m=—]
: x = +J2 =1 (twice) ( )( )
: B 3 (—4 +2) _ 1
P8 ) S=6.5-2% When =4 then Y = g =254 573 = 79
(i) S, =-15,8, =75
15
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Exercise 4A (Page 96) Step 4: Y

1 Step 1: (O,—%)
Step 2:x=3

Step 3: y—0 from above as x —> oo

y—0 from below as x ——co

- ) =

> . >
Step 4: yA ) -2 0 x i 32
1 1 ¢ <
1 1 e O
1 ! 4
1 ! .
1 .
! .
! S Step 5:y €R :
2 3 * 2 :
51\ 5 Step 1:(2,0), (O, 3) :
i Step 2:x=-3 :
1 Step 3: y——1 from above as x —> oo :
Step 5:y #0 y——1 from below as x ——oo :
Step 4: YA :
2 Step1:(0, - 2 ; :
p ( 9) | :
Step 2:x=3 ! :
Step 3: y—0 from above as x —> o0 ! D) :
y—0 from above as x —>—oo ! = _ :
Step 4. yA . 3 0 2 X S
W ====- Hmm e lf==mmmmmm— === :
1 1 :
1 ! .
1 1 .
1 ! .
2 1 1 .
9] : ' :
0 3 x Step 5:y# 1 :
i . 5 :
: 6 Step 1:(5,0), (o, 6) 3
| Step 2:x=-2,x=3 :
! Step 3: y =0 from above as x —> oo :
Step 5:y >0 y—0 from below as x ——co :
. Step 4: s
3 Step 1:(0,1) p r\ V4 ! :
Step 2: none : ! :
Step 3: y—0 from above as x —> o0 % ! :
y—0 from above as x ——oo ! | :
Step 4: yA L L —
\ 1 1 .
1 1 .
1 1 M
1 1 .
o 9-2J14 9+ 214 :
Step 5: y < o Ly = o :
0 x : 3 :
7 Step 1: (3, 0), (o, 8) :
Step 2:x=2,x=4 :
Step 5:0<y <0 Step 3: y— 0 from below as x —> oo :
4 Step 1:(0,0) y—0 from above as x —>—oo :
Step 2:x=2,x=-2 :
Step 3: y—0 from above as x —> oo :
y—0 from below as x ——co :
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Step4: yA | . L VA I
i i ] 1
. ’ \
H H E7 W R L=
1 1 1 1
3 i i : :
7 i : :
¥ WY 3 |
= H H 12 1
2 . i i 2 1 1
<CE . i i g\:\/[\ 1
: ! ! T 0 i >
: -l 3\ 4 0¥
: Step 5:y €R | 2\ |
¢ 8 Step 1:(0,0)
: Step 2: none Step 5:y < 25_52"66, y = 25+52V66
: Step 3: y— 0 from above as x—> oo
: y— 0 from below as x——oo 11 Step 1: (3,0) (repeated), (0, 9)
: Step 4: YA Step 2: none
: Step 3: y— 1 from below as x —> oo
: y—1 from above as x ——eo
E 0 > Step 4. YA
. x
. 9
: Step 5: 1< y =
: 23 2J—
3 3y mmmeeaa 1
P9 Step1:3,0), (0. ‘E)
: Step 2: x =4 0
: Step 3: y—0 from above as x —> oo
: y—0 from below as x ——co Step 5:0 = y < 10
: Step 41 yA i 3
i 12 Step 1: (6, 0), (O, E)
M 1
: i Step 2:x =4
: | Step 3: y— 1 from below as x —> o0
: | y—>1 from above as x ——oo
3 0 : > Step 4: VA .
. 16 1 1
. ! 1
. 1
. 1 !
Step 5:y = -1 !
. 1
: B IR pTTooooo==s
. 2 3 1 1 >
P10 Seep 1:(3, 0), (-2, 0), (0. 3) . " 7 X
. Step 2:x=—1,x=4 1
: Step 3: y— 10 from above as x — o0 i
: y— 10 from below as x ——oo i
. 1
. 7
. Step5:y¢1,y¢§
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13 (i) yA (d)

YA

\
(=)
3]
/w
N
N\
N

: >
¢« 3
. ;g
"""""" B A . : 2
oV ' 5 A
(i) k<—-lork>1 ! :
14 (i) YA ! ! :
] ] I :
] ] ] i :
\ = :
] ] ] :
] ] ] :
] ] ] | | :
i : i (i) (a) (1(9—\/@, o), (Z(9+\/£), o), :
0 3 X 1 :
P ©=2) ;
] ] ] :
i i i (b) y=2x—1x=4 :
1 ] ] :
i i i (c)] No turning points :
] 1 i :
(i) x=1, minimum point = (l, %) (d) vl xd y=2x-1 :
(ii)  (a) k<0,k>% :
-1 :
(b) k=7 :
1 .
< 1 :
() 0sk< T :
15 (] x<-2orx>1 :
i) -5<x<2 :
(i) “1<x<2o0r3<x<=7 :
. 1 5 . :
iv) 3<x<3 2 (i) (a) (0,-o6) :
5 - C = :
(v) —3<x$§ (b) y=3-—xx=1 :
P 2 .
Wl x<—bor-2=<x<3 @ (=3, =20+ 3); :
: (1++3, 243 - 1) :
Exercise 4B (Page 100) :
(d) YA X2 —4x+ 6 .
. y= g :
LEUNRS (%(9 —33), 0), (%(9+ J33), 0, * :
3 :
(0’ _5) s
(b) y=2x—-Lx=4 §
() (3,3); (5, 11) :
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(i) (@ (0,6) 4 Vertical asymptote: x = 1; oblique asymptote:

[b] y:3_x;x:1 y:2x+3
5 Vertical asymptote: x = 2; oblique asymptote:
Y Y

. (1 + 3, 201 - V3)) p>-3

o o:

g : (d] YA : x=1 xX=

Q. ! YA !

< : 1 1
S B X2—4x+6 1 :
: ¥ T— i 1
. S 1 1
. N 1 1
. SO 1 1
. S| 1
. AN 1
. r {—
: Of 1 1
. 1 1 >
. : : X
. 1 1
. i ]
. 1 :
: . 1 4 1
fo3 ) (el (5.0) @0, (0.-3) :
. 1
. (b) y=2x-3x=3 6 No stationary points when k> 2
: (c) No turning points vertical asymptote: x = —1; oblique asymptote:
: | y = 2x + 2; crosses axes at (0, 0) and (=2, 0)
s (d) A | y=2x-3 x=-1
s : / : YA y/i2x+2
: i -4 : 7
: I =T G-)) i /
. ! 1 B2
. I 1 =
H I I L/
: : , : /,’ -~ 22 +4x
: Ve 1 L7 YETXF
. ; > i 17
: : X 1,7 o
: ] 0 x
N 1 1
. ! 1
. i !
. x=3 ]
: ]
: |
§ (i) (a) (%, 0), (4, 0), (0, %) 7 (i) Vertical asymptote: x = —1; oblique asymptote:
: (b) y=3-2x;x=3 . yEpeta-p
: ) _ (i) p=4
: (c) No turning points
: =-1
: (d) (- DH@E-4) A
: T ow !
. 1
. ]
: ]
: ]
. ]
. ]
. 1
: ]
. 1
: ]
. 1
. 1 >
. : 1 S/ X
: 7
. [
: 1/
: [
. A
. A
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(iii) Intersections at (=2 * J3, 0) (2] [Page 1 04]

x:;;‘l yoars Using the chain rule:
]
1
1 = — =
: Lety = o) and u = f(x)
]
I 1 _ dy 1 >
}, Then)/:;:)E:—u—z §§
’/: > d du _ £ s g
/,/ :/ X an I (x) S !
(4 1 .
2 ! dy _dy o du :
’ : S0 dx T du X dx :
; =2 obli . 1
8 Vertical asymptote: x = 2; oblique asymptote: = —— X f'(x) :
y= Ax +1 u .
__f't) :
e [FGOT :
N
N @ (Page 107) :
N 3
\\\ _ 1 . .
s\ The graphs are the same shape, but y = ™ is :
(0] undefined when x = 1 since f(x) is undefined at that :
point. :
y = g(x) has a root at x = 1. :
Exercise 4C (Page 110)
1 (i) A y=1x) :
= 0 % :
’ " y= 1) :
(ii) :
- 0 2 x
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f(x])

y=

YA

©000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

SJamsuy

YA

(iv)

v =1fx)

rx

YA

(v]
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3 (i), (i) yA
y=1x)
0 X
(iii) yA
y=1(lx[)
0 X
(iv) yA
L
Y )
0 X
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(v)

(i)

(ii)

YA
V=1(x)
\i >
YA
1+V3 33
2 72
y=1f(x)
5o >
2
-2
1-V3 33
2 2
>

(iii)

(iv)

(v)

YA

<Y

1

y=1(x))

YA

D

¥ =1x)
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n,n_5n .
C h a pte r 5 3 + T=1 % the diagonals do not meet at
right angles and therefore the shape is not a

@ (Page 115) thombus.

So ABCD is a parallelogram.

g : See text that follows on page 115.

= 4 A

o

S @ (Page 116)
¢ There are an infinite number of pairs of polar B A
g co-ordinates (r, 8) to define a given point P. N 3 z
: o 10, 5 5
:  Activity 5.1 (Page 116) z 3 >
. 10
. All the points are in the position shown below: 3
: C 4
b
: By symmetry AB and BC are the same length;
: similarly AD and CD are the same length.
§ The diagonals of the shape meet at right angles.
: ABCD is a kite.
: 5 (i) 4
: (il 16<r<170 6 =-27
: S i 3 (i) (@) 99 <r<107 153 <86 <171
s For example, (6, —T), (6, T)’ (6, _T) (b) 16 <r<99 —81<86<-63 and
: 107 <r<162 -81<6 <63
: Exercise 5A (Page 120) (c) 162<r<170 45<6 <63
P10 0,-8) (i) (472, -42) 6 i) 3(4’ _?_g) C(4’ %)
: iii) (4, 443 iv) (~4/3, 4 ,
: i (. 45) (v ( ) (i) B(0,0)and C either (4, —%) or (4, %)
2 (i) (13,1.18) (i) (5,m)
. s (iii) The points could be arranged as shown:
. s .
(iii) (2, —?) (iv] (5,0.927) S, A
3 YA
§ If O is the midpoint of AB then B has
§ coordinates (4, —34—7[) and C has coordinates
: By symmetry the quadrilateral has two pairs of
: parallel sides. either (4\/5’ _%) or (4\/39 34_71)
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Alternatively the points could be arranged  Activity 5.2 (Page 123)

as shown below:

r =7 is a circle centre (0, 0), radius 7:

A
7
: >
.3
c 0
S
P 3
-7 7 i S 0
7 :
. o 0= % is a half-line starting at the origin making an :
If O is the midpoint of BC then B has . :
43 3n angle 3 with the initial line: :
coordinates | 3 > g | and C has A :
(4 n :
coordinates | "3 > "7 |. T :
3 :
7 (i) A(5.39,0.38) B(8.71,1.01) ” :
C(8.71,1.64) D(5.39,2.27) :
(i) A(5.00,2.00) B(4.63,7.38) :
C(-0.58,8.69)  D(-3.45,4.14) :
_ Activity 5.3 (Page 128) :
8 (] r=2secH :
For example :
(i) tn6=+3or6=2% :
i) r=~/3 —577.: =0 =< 7775 using convention 3 :
(iv] #* = 18cosec26 :
(v)]  r = cotOcosecO E
: 2 _ 5 N
Wik 7" = 1 —aag :
9 (i) x=5 g
(i) x*+y* =25 :
lii) y=4 :
(iv] x*+ Yy’ = 4x §
(v) (x2 + y2)2 = 2xy §
(Vi) x®+ 9" =24 + %) — 2x §
_ __a _ _ :
10 r—asec0:>r—cose:>rcose—a:>x—a :
r=bcosec9=>r=.L=>rsin9=b=>y=b :
sin@ :
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Activity 5.4 (Page 129) Exercise 5B (Page 129)

k=1, n=2 1 (i) Circle centre O, radius 5
. A
(i) 5
e
T
=
2 >
< : -5 5
: =
: (i)  Half-line from the origin making an angle
: 3n . e
. -7 with the initial line
¢ ‘Radius’ of rhodonea is 1; two petals A
k= 5 n=2
il
: o
E 4
: (iii) Circle symmetrical about the x-axis,
: passing through the origin and the
: point (3, 0)
. A
§ ‘Radius’ of rhodonea is 5; two petals
Pok=1 n=4 Che
Ei)
: (iv] Circle symmetrical about y-axis, passing
: through the origin and the point (0, 2)
. A
. 2
¢ ‘Radius’ of rhodonea is 1; four petals >
: Generally, r = ksin (n6) has ‘radius’ of k (for k > 1).
¢ Forn>1andr > 0,the curve has n petals.
: If r < 0 included, then the curve has n petals if n is odd
: and 2n petals when n is even. For k= 1,n =1 the curve
. isacircle of diameter 1 passing through the origin and
¢ the point (0, 1), symmetrical about the y-axis.
30 Cambridge International AS & A Level Further Mathematics Further Pure Mathematics 1
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(v]  Spiral starting from the origin Extension: When negative values of r are
included, the loops for r = acosnf are drawn
twice for odd values of n. There are additional
loops for r = acosnf® when n is even giving 2n
loops for 0 < 6 < 2m.

7>
S\
e 4

NG

>
S
&
2
3
@

SNy,
R

olmx |n | |x (5% | |70 |2 [3n |5m (U
1216 |4 |3 122|123 |4 |6 |12
0 [2.07| 4 |5.66(6.93|7.73| 8 [7.73|6.93|5.66| 4 |2.07| 0

5 [(i] The curve has a heart shape, hence the
name cardiod.

The circle has centre (0, 4), radius 4 so the
Cartesian equation is x* + (y — 4)” = 16.

r would be negative

(i) The curve is a reflection of the curve in
part (i) in the ‘vertical axis’

r=23cos 20

r = 3c0s286 has two loops and r = 3cos30 has

3 loops.
r=2+3cosd

r = acosn6 has n loops
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(ii) (a) a = 2b Convex limacon
(b) 2b >a > b Limacon has a ‘dimple’
(c] a = b Cardioid
(i) r=0
bcos@ = —a
—arccos(—%) < 0 =< arccos (—%)
Extension: When r < 0 included, limacon
has a ‘loop’ inside for these values of 6.
(iv] The shape is the same but the curves are
now symmetrical about the y-axis rather
than the x-axis.

Values of r are only defined in the intervals

0=6=<X 3—n$9$5—nand%$es2n

4 4
(the value of 2 is negative in the other
intervals). Where the curve is defined, one half
of each loop i1s created for each interval of iy
Taking negative square roots instead of positive
square roots produces the same curve. For example,
when 6 = 0, r = —a when taking the negative
square root; this is equivalent to the point (1, a)
obtained when taking the positive square root.
A

= a*cos20
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Y

= a*sin20

(i) \ P(r, 0)
o QAP
o \ Initial line

(¢} \
‘L

Let (r, 6) be a point on the line L that is
perpendicualr to OA. In triangle OPA,
pr
r
(ii) rcos(@—a)=p
= rcosOcosa + rsin@sina = p

cos(@—o) =< = rcos(@—-o) = p

= xcosO+ ysine = p

. 1 n
Intersection at | —=, 5 |;
(JE 3

C;: Circle centre at the pole and radius %

C,: Curve approx. correct orientation from

0,0) to (1,m)

Cambridge International AS & A Level Further Mathematics Further Pure Mathematics 1

Exercise 5C (Page 132)

1
2

Area is 251
(i)

slomsuy/

." '\

Larger part = 247 + 64
Smaller part = 247 — 64
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Q2 — a

T

s 8

ol

c .

<
§ One loop has area %a2. Sketch should show upper half of cardioid
: through (4, 0) and (0, T);
. 2 fn 2 e .
7 Azﬁ(ez—l),BZﬁew(ez—l} 3
: 4.712,4.713
Cc= ies’“(e% - 1)
: 4k
: Chapter 6
. Common ratio €
P8 115 @ (Page 134)
: 9 The triangles are all congruent to each other.
: 256 yellow triangles make up the purple triangle.
: Activity 6.1 (Page 135)
: The diagram shows the image of the unit square
: b
: OIPJ under the transformation with matrix ( j J J
E YA
: 3 }
: 6.5 tnits? |, _—
: Sketch should show a cardioid through (a, 0), 2 =
: o 31 4 units? b
: (Za, E)’ (a, 113) and (O, 7), M P units
: i
: 5 (1T 1 NG L — 2.5 units? _
s a (Z + 1 + g 3) 0 Il ] ] 4 Z ¢ 7 ) 7C
§ The point I(1, 0) is transformed to the point I' (a, o); the
: point J(0, 1) is transformed to the point J' (b, d).
: P' has coordinates (a + b, ¢ + d).
: The area of the parallelogram is given by the area of
: the whole rectangle minus the area of the rectangles
. and triangles.
: Area of first rectangle = b X ¢
: Area of first triangle = % Xbxd
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(i) (a)

. 1
Area of second triangle = 5 X a X ¢

2 YA
Area of whole rectangle = (a + b) X (¢ + d)
Therefore the area of the parallelogram is 6
(a+b)><(c+d)—2(bc+%bd+%ac)=ad—bc. L ‘>
\\ B’ . u:-)
3 P s
@ (Page 137) 5 P
1 .
(i) A rotation does not reverse the order of the A - :
_ 0 -1 -1 O] T2 6 | x :
.g.for A = 1 :
vertices, e.g. for [ 10 j, N :
2 .
det A = 1, which is positive. :
(i) A reflection reverses the order of the vertices, :
(b) Area of parallelogram = 16 :
e.g.for B = ro :
-8 0 -1 ) il {c]] 16
det B = —1, which is negative. e vA §
(iii)  An enlargement does not reverse the order of :
the vertices, e.g. for C = 2.0 , o :
02 dc B :
det C = 4, which is positive — 4 e
) 8 -7 6 -5 4 3 2 ] 4 5 ¢ x :
Exercise 6A (Page 139) % t :
) .
1 () (a) ' 3 :
YA 4 3
B’ :
5 (b) area of parallelogram = 0 :
A’ .
4l (c) o :
A liv) (a) :
/ { :
/ 5 / YA s
C! 1 C é 2 E
A . C , :
-4 -3 -2 - O1 4 X Q\ __ . Cc B S
‘ N ™~~~ A .
8 7 6 5 42 -10 [ 2 456 |[x
1 .
1 ~ :
(b]  Area of parallelogram = 11 B TS~ D\ :
(c) 11 . X
4 :
(b) area of parallelogram = 11 :
(c) —11 :
2 x=2,x=6 §
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o=[0) P=( 07 : |
. B 14 B p
28 '
e (i) A yA I A >
5 -7 -6 -5 4 -3 2 — 4 ¢ X
[ ] P 1
< B
. 2
. I -
0 I X & .
: 4
: ¥ P’
§ (ii)  The image of all points lie on the line
: B YA y = 5%.The determinant of the matrix is
: gt P zero, which shows that the image will have
. ZEero area.
: I 1 >
: 0 x -
. * 9 (i) 5p—10q
: -p+2q
i) y=-1x
: ¢ A yer (iii) det N'=0 and so the image has zero area
: P
. . 12
. I P =
: 10 (i) T ( - ]
: I
: e det T=(1x6)—(3%x2)=0
: i) (3,9)
: D 7 A y=-x 12 () y=3x=3s+1
: o 0 ow(0..3, 3.1
S (i) P(Ss 8t, s St)
: L,
: T x 23
: (iii) 8 8 . which has determinant
: T 31
: 8 8
P4 66cm2 9 _l)_(é _é) =
: (8 xX=3g)~\§*g§)="0
: 5 ad=1 o
: Activity 6.2 (Page 141)
. . 13
D6 )
: ( 0! ] i) P= [ Lo J
: (i) determinant = 1 so area is preserved 0 -
P07 () deeM=-2  detN=7 i) pi=[10
: . 9 13 01
: (i) MN= s 10 | det MN =—14
: (iii) Reflecting an object in the x-axis twice takes
: and —14 =-2 X7 it back to the starting position and so the final
: image is the same as the original object. Hence
: the matrix for the combined transformation is I.
36 Cambridge International AS & A Level Further Mathematics Further Pure Mathematics 1
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Activity 6.3 (Page 142) @ (Page 143)
( ab J[ d —b j _ ( ad—bc 0 j First reverse the reflection by using the

c d a 0 ad — be transformation with the inverse matrix of the

reflection. Secondly, reverse the rotation by using

To turn this into the identity matrix it would need to  the transformation with the inverse matrix of the

: >
be divided by ad — bc, which is the value |M]|. rotation. : §
_ (MN)" = N'M 2
Therefore M~ = ad1 bc( d b ] : 7
- . _ :
Exercise 6B (Page 144) :
Activity 6.4 (Page 143) 1 () (10,-6)
: S_1f13) 2 -3 o 1(o01 :
AA™ = - ii :
il 4 62](—6 11} i [2 5) :
1[4 0)_1 (i) (1,2) :
S04 ) - . 12 -3 :
2 (i) non-singular, ﬂ[ Y6 j :
A'A=1L 2 =S (ii)  singular :
4l -6 11 6 2 :
(i) non-singular, L= :
1 40}:1 12{ -3 11 :
40 4 (iv] singular §
(v)  singular .
. _ d —b :
i) M= i (vi) singular :
ad bC —Cc a .. -8 —4 .
(vii) non-singular, 1 a :
6(1— ab) -2 :
-1 _ a b 1 d _b . .
MM _(c J ad—bc[_c . j provided ab # 1 :
N1 3 -6 T i :
1 a bl d b 3 i) _( ) (ii) _{ j :
= — 2 .
ad — b Cd][_c a) 32 5 2 8 :
__ 1 ad — bc —ab + ab (iii) ( 2819 J (iv) ( 50 63 j §
ad = bc\ ¢d —dc —cb+ ad 107 -12 -15 :
_ 1 [ad=bc 0O v A 7 =19 i 1f 15 63
Tad—bc\ 0 ad—be 6l —10 28 6| 12 50 :
| 10]_ . 15 —63 17 -19 :
= =1 VIl Vi) = .
(01} []6( ] Vil 8l o s :
g d b\ ab 4 (i) 1
MM_dd_bC(—[ aj[[ d] 8 —31 3
_ 1 [ da=be db-bd 5 k=2ork=3 :
ad —bc\ —ca+ ac —ch + ad 6 ( 1] :
1 ad — bc 0 :
~ ad —be 0 ad —be 7 (i) (3,1),(1,1) and (-6,-2) :
= ( POy :
01 :
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vA Exercise 6C (Page 151)
;) 1 () f(a 5 (b) 5
) (i) (a) -5 (b) -5
B B A’ Interchanging the rows and columns has
P — not changed the determinant.
g : 6 5 4 3 A 3 5 (i) () o (b) 0
@ = : If a matrix has a repeated row or column
~ o 2 the determinant will be zero.
§ 3 06
: (i) ratio ofareaT’toTis3:1.50r2:1 2 (i % 4 2 3
§ The determinant of the matrix M = 2 so 2 10
: the area is doubled. (i) Matrix is singular
: Gi) M =L 1 -1 -0.06 —-0.1 =0.1
: 213 (i) | 092 02 07
. .. 0.66 0.1 0.6
c 8 (i) M'=(@+d)"™'M
: AR
: 0 =z (ivi 57| 9 6 6
P9 i) 5 i) | 336 N 38 —16 —37
: 1_1 50
: 6 10 4 10 12
. 1 1 B _ B
:  Activity 6.5 (Page 146) 3 M =og—qop| ~k-8) 8 —(4+2k)
: —k 7 =3k
: _L_2 5 k=28
: 171717 4 (i) The columns of the matrix have been
P detA=-17 AT = _8 1 6 moved one place to the right, with the
. 17 17 17 .
: 4 8 3 final column moving to replace the first.
: 7 17 17 This is called cyclical interchange of the
E B is si ! columns.
;B smelEn (i) det A =det B=det C=—-26
: 1 2 1 Cyclical interchange of the columns leaves
: 15 3 5 the determinant unchanged.
Poc'=| 2 1 —1+ /41
: C z 0 5 5 x= 5
: 111 —1,x=
-5 3 3 6 x=1,x=4
: 7 1<k<5
: , 11 4
: -1 -3 3 96 9
N 0 opio| 211
N 8l »=1 5 ¢ -3
: 11 1
: b A 33273
: 3 1
: 7 43
: Q'=| 1 =2 0
: 305 _1
: 2 0 72
38 Cambridge International AS & A Level Further Mathematics Further Pure Mathematics 1

© Roger Porkess, Sophie Goldie and Rose Jewell 2018




17

9 6 18

Copo| 312

PQ =QP" =] -5 -¢ -5

301 5

9 3 18

9 (i) Multiplying only the first column by k

equates to a stretch of scale factor k in one
direction, so only multiplies the volume by k.

(iii) Multiplying any column by k multplies
the determinant by k.

10 (i) 10 x43 =430
(ii) 4 x5x%x-7x43=-6020
(iii) xX2Xyx43 = 86xy

liv) ' x 5 x4y x 43 = 86x7y

Chapter 7
@ (Page 155)

Grimshaw architects designed the Eden project
using as their starting point the geodesic design of
Buckminster Fuller. Fuller used spherical geometry
to enclose the most space with the least material
and believed that this would put an end to the
dominance of the right angle in architecture.

@ (Page 156)

A three-legged stool is the more stable. Three
points, such as the ends of the legs, define a plane
but a fourth will not, in general, be in the same
plane. So the ends of the legs of a three-legged
stool lie in a plane but those of a four-legged
stool need not. The four-legged stool will rest on
three legs but could rock on to a different three.

Three points on the plane are sufficient to
specify a plane. So too would two lines in

the plane, or one point on the plane and the
direction of the normal vector. These ideas are
explored in this chapter.

@ (Page 158)

(i) 90° with all lines.
(i) No, so long as the pencil remains perpendicular
to the table.

Activity 7.1 (Page 164)

Repeat the work in Example 7.6 replacing
(7,5,3) by (e, B, 9,50 7 by ,5 by Band 3 by 5,
and (3, 2, 1) by (ny, n,, n3) and 6 by d.

Exercise 7A (Page 165)

1

(i) Parallel, line in plane

(i) Parallel, line not in plane
(iii)  Not parallel

(iv] Parallel, line in plane

(v)]  Not parallel

(vi] Parallel, line not in plane

2 5

— —
() LM=| 2[;LN=| 2
-2 1

(iii) x—4y-32=-2

(i) B

(i) Accept any points that satisfy the equations.
(iii) Three points define a plane.

(iv] (1,0,-1)
i) (0,1,3)
(i) @1,1,1)
(i) (8,4,2)
(iv] (0,0,0)
(v) (11,19,-10)
2 1
(i) (@ r=|2|+4]-1
3 2
(b) (1,3,1)
(c) o
2 2
(i) (a) r=|3|+4|5
0 3
(b) (1,0.5,-1.5)
(c) 3.08
3 1
(i) (@) r=|1]|+2alo
3 0
(b) (0,1,3)
(c)] 3
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(iv] (a) 2 3 13 (i) b=-2,c=3

r=|1|+1|—4 14 (i) 6x+y—82z=6
0 1
-1 3
) (b) (2,1,0):A is in the plane 15 (i) r=| 3|+a|-1
g : le) 0 5 4
Pl B ey
: v al r=
<c£ : Al 5
: 1 (i) e=| 1
: (b) (2,2,2) -3
: e iz (i) 7x—11y+82=0
27 {_‘?] Xt 2y+32=25 16 (i) 3i+2j+k
L st il 722
: - Wigin the plane; (i) ©=3i+2j+k+A6i + 2 - K
. Uw.uUVv =0
: 13 3 @ (Page 172)
g 8 (] r=|5+4 1 Ty is parallel to 7y and 7,
: 0 -2 (the common line is at infinity).
: i) 4,2,6) Exercise 7B (Page 173)
(i) 11.2 3 15
: , 1 i = 2
Y9 ) 40 (i) r é + A Z
: (i) 32.3°
(i) 35.6° 0 1
: -1 8 (i) r=|-3[+2] 1
N . —> —>
: 10 (i) AB=| 2|;AC=|—4|; 5 —4
: 1 1
: , 0 16
: in both cases the scalar i) r=| -1 [+4] 15
: product =0 | 13
: (i) 132.9°
1M oG) 5, 89 V) e=lo |+a 4
: i) 62.2° 4 21
: i) 20.9 2 (i) 565°
: (vl (4,6,-3) i) 80.0°
: 5 . [!n] 24.9
: : (iv] 63.5°
12 (i) PQir=|2|+4] 2|;
: 4 2 -2 1
: 3 () r=| 3|+ 1
-2 1 5 -1
3 XY:ir=|-2|+u|2
: 3] 3 4 3
§ (i) Yes (i) r= —g +A 2
: liv] Yes, (1,4, 6) h
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41x — 19y + 262 =33

24 1
5 x+3y—-=z2=-8 (@axb.b=| -1 |.| -4
4 2 —14 2
6 r=| 2 +A 4 = (24X +(1x—4)+(=14x2) =0
—7 11 P S
a - e O
7 60x+ 11y + 1002 = 900: Activity 7.2 (Page 179) P
60x — 11y — 100z = —300; jxi=-k jxj=0 jxk=i G
5 0 kXi=j kxk=0 kX j=-i :
r=|0[+¢]100|;6.3° :
6 11 Exercise 7C (Page 181) :
8 {!!] x+3z2 1=.—800 AU o3 - :
II Normal is approx. 18.4° to the horizonta 1 1) 13 (ii) 41 :
(i)  14x — 15y + 3450z = 15950 ) 19 :
(iv] x=154, :
y=-11361-62396.7, -8 21 :
2 =-51-266.7 (i) | 34 (iv) -29 :
(v] 62 km (assuming seam is sufficiently 27 9 :
extensive) :
. 5 14 :
9 (.I.] a=-2 2 (i) 19 (ii) -62
(i) 3 -2 -9 :
10 (i) 4x+2y+2=8 :
(i) 77.4° I . 18 :
' (i) | -2 (iv) 57 :
1 (i) 57.7° 3 47 :
(i) r=2i-k+A@4i~-7j+5k) :
. - 1 4 :
12 (i 2x =3y +62=2 . — — .
il 2 =3y + 62 3 () AB=| -4 [,AC=| :
(i) 2 :
(i) = A6i + 2§ — K) 3 0 :
3 1 :
I I e - (i) | 12 |or| 4 :
13 or=| 4 [[0Q=| -7 15 :
5 .
3 1 :
(iii) x+4y+52=7 :
@ (Page 178) :
19 :
Use the scalar product to check that the vector a X b 4 1 15 :
is perpendicular to both a and b: V635| :
24 ) (3 5 J74 :
(@axbla=| -1 [.|2 6 (i) 5x+4y—8z=5 :
—14 5 (i) 24x+y—292=1 :
=(24x3)+(-1x2)+(-14%x5) = 0 (i) 19x + 40y + 32 = 188 :
(iv]  30x —29y — 24z = 86 :
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7 () -8 (i) 6j-4k 5 (i) %m

(i) 2i—12j (ivl  6i+14j -2k _
' 1 . 6 (i) 4,cthe lines are skew
9 (i) §V717 i) V717 (i) 0.4, the lines are skew
10 (iii) 0, the lines intersect
: i j k .
g . ) . . (iv) ﬂ, the lines are parallel
S 1 0 1|=i+3j-k J6
g 1 -1 -2 7 (i) 2J69 (i} M(=3,2,6)
: Equationof I1: x + 3y — z =12 8 i 245
: iE
: 2-3—1
H cosf = 2 4
: ‘Mﬁ i) r=| o]+ -
g = ﬁ = 6 = 75.7%r1.32rad -5 2
: 82 10 229
: i j ok i M(E’E’ 45)
: 13 -1[=2+3j-7k 5 _
: 2 -1 1 9 (i) AB:r=| -3 |+A] 0 |and
: 4 1
: Points on both planes is, e. g. (6, 2, 0)
g r=061i+2j+12i—3j—7k) orequivalent 0 2
: CD:r = 3|44 0 |or
:  Activity 7.3 (Page 185) -2 7
: () A= (0 _g) A = (0 _c O) equivalent; 6
: b b (i) 3.08m — No, the cable is not long enough
. . a c _ _ _ ..
Pl y=—gx-p, d=b oe=-a f=0 10 (i) 7 (10k +105)
:  Activity 7.4 (Page 189) liii) k= _721
: Because it is perpendicular to both I; and .
. 4 2
§ Exercise 7D (Page 190) (iv) r=|12 [+a| 10 |or equivalent
5 11
D1 ) V29 i) 7 (i) 2v26
: . ) 11 183670
o2 () 13 (i) 345 (i) 1 3 5
§ 30 s il s i) 543 12 m=2or 19 but n;;s an integer so m =2
: shortest distance /=
: 3 1 17
D4 i) r=|1]+a] 2 i) 3
: -1
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